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Ìîäóëßðíûå ôîðìû è p-àäè÷åñêèå ÷èñëà
À.À.Ïàí÷èøêèí
Àííîòàöèß
Ïóñòü p  ïðîñòîå ÷èñëî. Îáñóæäàþòñß p-àäè÷åñêèå ñâîéñòâà ðàçëè÷íûõ àðèôìåòè÷å-
ñêèõ ôóíêöèé, ñâßçàííûõ ñ êîýôôèöèåíòàìè ìîäóëßðíûõ ôîðì è ïðîèçâîäßøèìè ôóíê-
öèßìè. Ìîäóëßðíûå ôîðìû ðàññìàòðèâàþòñß êàê ñðåäñòâî ðåøåíèß çàäà÷ àðèôìåòèêè.
Ïðèâåäåíû ïðèìåðû ñðàâíåíèé ìåæäó ìîäóëßðíûìè ôîðìàìè, à òàêæå ïðèìåðû êîìïüþ-
òåðíûõ âû÷èñëåíèé ñ ìîäóëßðíûìè ôîðìàìè è p-àäè÷åñêèìè ÷èñëàìè.
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1 Ââåäåíèå
Ñòàòüß îñíîâàíà íà ìàòåðèàëàõ ñïåöêóðñîâ àâòîðà â Óíèâåðñèòåòå Æîçåô Ôóðüå (Ãðåíîáëü,
Ôðàíöèß), ëåêöèé àâòîðà äëß ôðàíöóçñêèõ ïåäàãîãîâ â Èíñòèòóòå Èññëåäîâàíèé Ìàòåìàòè÷åñ-
êîãî Ïðîñâåùåíèß (IREM, Ãðåíîáëü, Ôðàíöèß) â 1998, â Ýêîëü Íîðìàëü (Ëèîí, Ôðàíöèß), à
òàêæå íà ìàòåðèàëàõ ñïåöêóðñîâ íà ìåõ-ìàòå ÌÃÓ â 1979-1991 è â 2001.
Â ñòàòüå îáñóæäàþòñß ñëåäóþùèå òåìû:
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1) Ïðèìåðû ïðîèçâîäßùèõ ôóíêöèé, ìîäóëßðíûå ôîðìû è ñðàâíåíèß. Ïðåäñòàâëåíèå öå-
ëûõ ÷èñåë êâàäðàòè÷íûìè ôîðìàìè.
2) Ðßäû Ýéçåíøòåéíà è ñðàâíåíèß äëß ôóíêöèè Ðàìàíóäæàíà.
3) ×èñëà è ìíîãî÷ëåíû Áåðíóëëè, ñðàâíåíèß Êóììåðà
4) Ìåðà Ìàçóðà è p-àäè÷åñêîå èíòåãðèðîâàíèå.
2 Ïðîèçâîäßùèå ôóíêöèè, ìîäóëßðíûå ôîðìû è ñðàâíå-
íèß.
2.1 Ïðîèçâîäßùèå ôóíêöèè
Òðàäèöèîííîé îáëàñòüþ ïðèìåíåíèß ïðîèçâîäßùèõ ôóíêöèé ßâëßåòñß êîìáèíàòîðèêà è òåî-
ðèß ðàçáèåíèé. Ïóñòü p(n)  ÷èñëî ðàçáèåíèé íàòóðàëüíîãî ÷èñëà n â ñóììó íàòóðàëüíûõ
íåóáûâàþùèõ ñëàãàåìûõ:
p(1) = 1 : 1 = 1;
p(2) = 2 : 2 = 2, 1 + 1;
p(3) = 3 : 3 = 3, 2 + 1, 1 + 1 + 1;
p(4) = 5; p(5) = 7.
Òîãäà äëß ïðîèçâîäßùåé ôóíêöèè äëß p(n) ñïðàâåäëèâî òîæäåñòâî Ýéëåðà:
1 +
∞∑
n=1
p(n)qn =
∞∏
m=1
(1− qm)−1. (2.1)
Äåéñòâèòåëüíî, íåïîñðåäñòâåííîå ïåðåìíîæåíèå ïîêàçûâàåò, ÷òî
∞∏
m=1
(1− qm)−1 =
∞∏
m=1
(1 + qm + q2m + q3m + · · · ) =
(1 + q + q2 + q3 + · · · )× (1 + q2 + q4 + q6 + · · · )× · · ·
· · · × (1 + qk + q2k + q3k + · · · )× · · · =
∑
a1≥0,a2≥0,a3≥0,···
qa1+2a2+3a3+···,
à p(n) êàê ðàç è åñòü ÷èñëî ðåøåíèé öåëûõ ÷èñëàõ a1, a2, a3, ..., > 0 ¾óðàâíåíèß ñ áåñêîíå÷íûì
÷èñëîì ïåðåìåííûõ¿
a1 + 2a2 + 3a3 + · · · = n.
Îêàçûâàåòñß, ÷òî áåñêîíå÷íûå ïðîèçâåäåíèß òèïà (2.1) òåñíî ñâßçàíû ñ òýòà-ðßäàìè. Íàïðè-
ìåð, ïðè |q| < 1, u 6= 0 èìååì(ñì. [And76])
∞∑
n=−∞
unqn
2
=
∞∏
m=0
(1− q2m+2)(1 + uq2m+1)(1 + u−1q2m+1) (ßêîáè),
2
∞∑
n=0
qn(n+1)/2 =
∞∏
m=1
(1− q2m)
∞∏
m=1
(1− q2m−1)
(Ãàóññ),
êîòîðûå âûâîäßòñß èç áîëåå îáùåãî òîæäåñòâà Êîøè: ïðè |q| < 1, |t| < 1, a ∈ C:
1 +
∞∑
n=1
(1− a)(1− qa) . . . (1− aqn−1)tn
(1− q)(1− q2) . . . (1− qn) =
∞∏
m=0
(1− atqm)
∞∏
m=0
(1− tqm)
. (2.2)
Âîò èëëþñòðàöèß âû÷èñëåíèß ñ PARI-GP (ñì. [BBBCO]):
gp > {n=100;\\
prod(i=1,n,(1-x^(2*i)))*prod(i=1,n,((1-x^(2*i-1))^(-1))+O(x^(n+1)))
}
%5 = 1 + x + x^3 + x^6 + x^10 + x^15 + x^21 + x^28 + x^36 + x^45 + x^55 + x^66 +
x^78 + x^91 + O(x^101)
gp > ##
*** last result computed in 451 ms.
2.2 Ïðåäñòàâëåíèå öåëûõ ÷èñåë êâàäðàòè÷íûìè ôîðìàìè.
Ïóñòü
f(x) = f(x1, . . . , xn) =
n∑
i,j=1
aijxixj = A[x] = xtAx,
g(y) = g(y1, . . . , ym) =
m∑
i,j=1
bijyiyj = B[y] = ytBy,
öåëî÷èñëåííûå êâàäðàòè÷íûå ôîðìû ñ ìàòðèöàìè A è B. Áóäåì ãîâîðèòü, ÷òî êâàäðàòè÷íàß
ôîðìà f ïðåäñòàâëßåò g íàä Z åñëè äëß íåêîòîðîé öåëî÷èñëåííîé ìàòðèöû C ∈ Mn,m(Z)
âûïîëíåíî òîæäåñòâî
f(Cy) = g(y), A[C] = B. (2.3)
Â ÷àñòíîñòè, ïðè m = 1 è g(y) = by2, f ïðåäñòàâëßåò ôîðìó g åñëè f(c1, . . . , cn) = b äëß
íåêîòîðûõ öåëûõ ÷èñåë c1, . . . , cn.
Ëàãðàíæ äîêàçàë, ÷òî âñßêîå öåëîå ÷èñëî ïðåäñòàâèìî ñóììîé ÷åòûð¼õ êâàäðàòîâ. Ýòîò
ôàêò âûâîäèòñß òàêæå èç (áîëåå òðóäíîé) òåîðåìû Ãàóññà î òîì, ÷òî öåëîå ïîëîæèòåëüíîå
÷èñëî b > 0 òîãäà è òîëüêî òîãäà ßâëßåòñß ñóììîé òðåõ êâàäðàòîâ, êîãäà îíî íå ßâëßåòñß
÷èñëîì âèäà 4k(8l − 1), k, l ∈ Z (ñì. [Se70], [Ma-Pa05]).
Ïóñòü
rk(n) = Card {(n1, . . . , nk) ∈ Zk | n21 + · · ·+ n2k = n}. (2.4)
3
÷èñëî ïðåäñòàâëåíèé n â âèäå ñóììû k êâàäðàòîâ. Òàê, íàïðèìåð, r2(5) = 8, ïîñêîëüêó
5 = 22 + 12 = 22 + (−1)2 = (−2)2 + 12 = (−2)2 + (−1)2 =
= 12 + 22 = (−1)2 + 22 = 12 + (−2)2 = (−1)2 + (−2)2.
Â áîëüøîì ÷èñëå ñëó÷àåâ íàéäåíû ôîðìóëû äëß ÷èñåë ïðåäñòàâëåíèé. Ïðèâåäåì ëèøü êëàñ-
ñè÷åñêèé ðåçóëüòàò ßêîáè, (ñì. [And76], [Ma-Pa05]):
r4(n) =

8
∑
d|n
d, åñëè n íå÷¼òíî,
24
∑
d|n
d≡1(2)
d, åñëè n ÷¼òíî. (2.5)
èç êîòîðîãî òàêæå ñëåäóåò òåîðåìà Ëàãðàíæà. Ìåòîä äîêàçàòåëüñòâà ýòîé òåîðåìû îñíîâàí
íà ââåäåíèè ïðîèçâîäßùåé ôóíêöèè äëß ÷èñåë rk(n):
∞∑
n=0
rk(n)qn =
∑
(n1,...,nk)∈Zk
qn
2
1+n
2
2+···+n2k = θ(z)k,
ãäå
θ(z) =
∑
n∈Z
qn
2
, q = e2piiz. (2.6)
 òýòà-ôóíêöèß, êîòîðàß ðàññìàòðèâàåòñß êàê ãîëîìîðôíàß ôóíêöèß íà âåðõíåé êîìïëåêñíîé
ïîëóïëîñêîñòè H = {z ∈ C | Im (z) > 0} è îáëàäàåò ðßäîì çàìå÷àòåëüíûõ àíàëèòè÷åñêèõ
ñâîéñòâ. Ýòè ñâîéñòâà ïîçâîëßþò îäíîçíà÷íî îõàðàêòåðèçîâàòü θ4(z) êàê ìîäóëßðíóþ ôîðìó
âåñà 2 îòíîñèòåëüíî ãðóïïû Γ0(4), ãäå èñïîëüçóåòñß îáîçíà÷åíèß
Γ0(N) =
{(
a b
c d
)
∈ SL(2,Z)
∣∣∣∣∣ N |c
}
⊂ SL(2,Z). (2.7)
Äðóãèìè ñëîâàìè, ãîëîìîðôíûé äèôôåðåíöèàë θ4(z)dz íå ìåíßåòñß ïðè äðîáíî-ëèíåéíûõ
ïðåîáðàçîâàíèßõ z 7→ (az+ b)(cz+ d)−1 ñ ìàòðèöåé
(
a b
c d
)
in Γ0(4) (è óäîâëåòâîðßåò îöåíêàì
ðåãóëßðíîñòè ðîñòà ïðè Im (z) → ∞ â âåðøèíàõ; çàìåòèì, ÷òî 2piidz = dqq , ïîçòîìó äèôôå-
ðåíöèàë ìåðîìîðôåí ñ ïðîñòûì ïîëþñîì â òî÷êå q = 0⇐⇒ z = i∞).
2.3 Ìîòèâèðîâêà: ôóíêöèß Ðàìàíóäæàíà τ è å¼ êîíòåêñò.
Â êà÷åñòâå èëëþñòðàöèè ê îáùåé òåîðèè ïðèâåä¼ì íåñêîëüêî óäèâèòåëüíûõ ñâîéñòâ ôóíêöèè
Ðàìàíóäæàíà τ .
Ýòîò çíàìåíèòûé ïðèìåð ïðîèñõîäèò èç ïðîèñõîäèò èç ñëåäóþøåé ïðîèçâîäßøåé ôóíêöèè,
îïðåäåë¼ííîé ðàçëîæåíèåì â ðßä ñëåäóþùåãî áåñêîíå÷íîãî ïðîèçâåäåíèß:
q
∏
m≥1
(1− qm)24 =
∑
n≥1
τ(n)qn = q − 24q2 + 252q3 − 1472q4 + · · ·
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Ïîëîæèì q = exp(2ipiz) äëß z èç âåðõíåé êîìïëåêñíîé ïîëóïëîñêîñòè H = {z ∈ C | Im(z) > 0},
ýòî ãîëîìîðôíîå îòîáðàæåíèå H íà åäèíè÷íûé êðóã ñ âûêîëîòûì öåíòðîì q : H→ D(0, 1)\{0}.
Îïðåäåëßåòñß ôóíêöèß ∆ : H→ C, ãîëîìîðôíàß íà H, ïî ôîðìóëå:
∆(z) = ∆∞(q) = q
∏
m≥1
(1− qm)24
Ýòà ôóíêöèß äà¼ò ïðèìåð ìîäóëßðíîé ôîðìû. Îíà îáëàäàåò ðßäîì çàìå÷àòåëüíûõ ñâîéñòâ:
Àâòîìîðôíîñòü
Ãðóïïà SL(2,Z) öåëî÷èñëåííûõ êâàäðàòíûõ 2 × 2-ìàòðèö ñ îïðåäåëèòåëåì 1 äåéñòâóåò íà
H = {z ∈ C | Im(z) > 0} ïî ôîðìóëå
∀γ =
(
a
c
b
d
)
∈ SL(2,Z),
((
a
c
b
d
)
, z
)
7→ γ · z = az + b
cz + d
.
Ñâîéñòâî àâòîìîðôíîñòè èìååò âèä:
∀γ =
(
a
c
b
d
)
∈ SL(2,Z), ∀z ∈ H⇒ ∆(γ · z) = (cz + d)12∆(z). (2.8)
Çàìåòèì, ÷òî ñâîéñòâî àâòîìîðôíîñòè (2.8)ðàâíîñèëüíî òîìó, ÷òî, ãîëîìîðôíûé äèôôåðåí-
öèàë ∆(z)(dz)6 íå ìåíßåòñß ïðè äðîáíî-ëèíåéíûõ ïðåîáðàçîâàíèßõ z 7→ (az + b)(cz + d)−1 ñ
ìàòðèöåé
(
a b
c d
)
in SL(2,Z), ïîñêîëüêó äëß âñåõ γ ∈ SL(2,Z), è äëß âñåõ z ∈ H, èìååì
γ =
(
a
c
b
d
)
⇒ d(γ · z) = (cz + d)−2dz.
Îòñþäà íåïîñðåäñòâåííî âûòåêàåò, ÷òî äëß ëþáîãî íàòóðàëüíîãî m ãðóïïà SL(2,Z) äåéñòâóåò
íà ìíîæåñòâå ãîëîìîðôíûõ ôóíêöèé f(z)íà z ∈ H ïî ôîðìóëå: äëß γ ∈ SL(2,Z), è äëß z ∈ H,
èìååì
γ =
(
a
c
b
d
)
⇒ (f |2mγ)(z) = (cz + d)−2mf(γ · z),
(äåéñòâèå âåñà 2m), à ñâîéñòâî àâòîìîðôíîñòè (2.8) îçíà÷àåò, ÷òî ∀γ =
(
a
c
b
d
)
⇒ ∆|12γ = ∆.
Ïîýòîìó (2.8) äîñòàòî÷íî ïðîâåðèòü íà îáðàçóþùèõ ãðóïïû SL(2,Z). Èñïîëüçóåì òîò ôàêò,
÷òî ãðóïïà SL(2,Z) ïîðîæäåíà ìàòðèöàìè T =
(
1
0
1
1
)
è S =
(
0
1
−1
0
)
. ×òîáû â ýòîì óáåäèòüñß,
èñïîëüçóåòñß àëãîðèòì Åâêëèäà ïðèìåíèòåëüíî ê ïàðå (a, b), à òàêæå ñòåïåíè ýëåìåíòà S,
èìåþùåãî ïîðßäîê 4.
Îòñþäà âûâîäèòñß, ÷òî ñâîéñòâî àâòîìîðôíîñòè (2.8) äîñòàòî÷íî ïðîâåðßòü äëß ýëåìåíòîâ
S è T , ò.å.
∆(z + 1) = ∆(z), ∆(−1/z) = z12∆(z),
ñì. íèæå.
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Ìóëüòèïëèêàòèâíîñòü.
Ôóíêöèß Ðàìàíóäæàíà τ ìóëüòèïëèêàòèâíà â ñëåäóþøåì ñìûñëå [îáîçíà÷èì ÷åðåç P ìíîæå-
ñòâî âñåõ ïðîñòûõ ÷èñåë]:
∀m ∈ N∗, ∀n ∈ N∗, (m,n) = 1⇒ τ(mn) = τ(m) · τ(n);
∀p ∈ P, ∀r ∈ N∗, τ(pr+1) = τ(pr)τ(p)− p11τ(pr−1);
∀m ∈ N∗, ∀n ∈ N∗, τ(m)τ(n) =
∑
d|(m,n)
d11τ(mn/d2).
Ýòè ñâîéñòâà áûëè ïðåäïîëîæåíû Ðàìàíóäæàíîì è äîêàçàíû Ìîðäåëëîì è Ãåêêå. Âîçìîæíî,
îäíàêî, ÷òî íå ñóùåñòâóåò ýëåìåíòàðíîãî äîêàçàòåëüñòâà ýòèõ ñâîéñòâ, â äóõå òåîðåìû Ã¼äå-
ëß î íåäîêàçóåìîñòè ñðåäñòâàìè ýëåìåíòàðíîé àðèôìåòèêè, ñì.[Ma-Pa05]. Ìîæåò îêàçàòüñß,
÷òî æå çàìå÷àíèå îòíîñèòñß è ê òåîðåìå Ôåðìà, äîêàçàíîé Óàéëñîì â 1994 â âûñøåé ñòåïåíè
íåýëåìåíòàðíûìè ìåòîäàìè [âêëþ÷àþùèìè òåîðèþ ìîäóëßðíûõ ôîðì, p-àäè÷åñêèé àíàëèç,
òåîðèþ äåôîðìàöèé ïðåäñòàâëåíèé Ãàëóà, àëãåáðàè÷åñêóþ ãåîìåòðèþ, ...].
Åñòåñòâåííàß ôîðìóëèðîâêà ñâîéñòâ ìóëüòèïëèêàòèâíîñòè ôóíêöèè Ðàìàíóäæàíà èñïîëü-
çóåò ðßä Äèðèõëå, ñâßçàííûé ñ ôóíêöèåé τ :
L(∆, s) =
∑
n≥1
τ(n)n−s =
∏
p∈P
(
1− τ(p)p−s + p11−2s)−1.
Ýòîò ðßä àíàëîãè÷åí ðßäó Äèðèõëå çàäàþùåìó äçåòà-ôóíêöèþ Ðèìàíà,
ζ(s) =
∑
n≥1
n−s =
∏
p∈P
(
1− p−s)−1,
ãäå ðàâåíñòâî âûðàæàåò ñâîéñòâî ñóùåñòâîâàíèß è åäèíñòâåííîñòè ðàçëîæåíèß íàòóðàëüíîãî
÷èñëà â ïðîèçâåäåíèå ïðîñòûõ ÷èñåë.
Òî÷íî òàê æå è â ñëó÷àå ôóíêöèè Ðàìàíóäæàíà τ , ñïðàâåäëèâî òîæäåñòâî
∑
n≥1
τ(n)n−s =
∏
p∈P
(∑
r≥0
τ
(
pr
)
p−rs
)
,
à äîêàçàòåëüñòâî ðåêóððåíòíûõ ôîðìóë ñâîäèòñß ê ðàâåíñòâó:
(
1− τ(p)p−s + p11−2s)·(∑
r≥0
τ(pr)p−rs
)
= 1
Îöåíêè.
Ñëåäóþùåå ñâîéñòâî, ïåðâîíà÷àëüíî ïðåäïîëîæåííîå Ðàìàíóäæàíîì, áûëî äîêàçàíî Äåëè-
íåì:
∀p ∈ P, |τ(p)| < 2p11/2.
Ýòî ñâîéñòâî ýêâèâàëåíòíî îòðèöàòåëüíîñòè äèñêðèìèíàíòà ìíîãî÷ëåíà âòîðîé ñòåïåíè X2−
τ(p)X + p11, äëß âñåõ ïðîñòûõ ÷èñåë p. Äëß ôèêñèðîâàííîãî p, ïóñòü αp è βp  êîìïëåêñíî-
ñîïðßæ¼ííûå êîðíè ýòîãî ìíîãî÷ëåíà. Èç ôîðìóëû ìóëüòèïëèêàòèâíîñòè ñëåäóåò, ÷òî:
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1
(1− τ(p)X + p11X2) =
1
(1− αpX)(1− βpX) =
(∑
r≥0
τ(pr)Xr
)
.
Äëß âñåõ r ≥ 1 âûâîäèòñß ñîîòíîøåíèå τ(pr) =
r∑
j=0
αjpβ
r−j
p =
r∑
j=0
α2j−rp p
11(r−j). Àáñîëþòíàß
âåëè÷èíà αp ðàâíà p
11/2, îòêóäà ñëåäóåò îöåíêà
|τ(pr)| < (r + 1)p11r/2.
Ïðèìåíåíèå ôîðìàëüíîãî òîæäåñòâà äà¼ò ñëåäóþùóþ îöåíêó
∀n ∈ N∗, |τ(n)| < σ0(n)n11/2 = O(n 112 +ε)
ãäå σ0(n)  ÷èñëî äåëèòåëåé ÷èñëà n, ãäå O(ln(n)) = O(nε) äëß ëþáîãî ε > 0.
Îòñþäà, â ÷àñòíîñòè, âûâîäèòñß, ÷òî ðßä L(∆, s) àáñîëþòíî ñõîäèòñß è îïðåäåëßåò ãîëî-
ìîðôíóþ ôóíêöèþ â ïðàâîé ïîëóïëîñêîñòè Re(s) > 13/2.
Ôóíêöèîíàëüíîå óðàâíåíèå äëß L(∆, s).
Îïðåäåëèì ôóíêöèþ L∗(∆, s) ïî ôîðìóëå L∗(∆, s) = (2pi)−sΓ(s)L(∆, s). Ýòà ôóíêöèß, ñ îä-
íîé ñòîðîíû, ïðîäîëæàåòñß äî ãîëîìîðôíîé ôóíêöèè íà âñåé êîìïëåêñíîé ïëîñêîñòè C, è
ýòà ôóíêöèß óäîâëåòâîðßåò ôóíêöèîíàëüíîìó óðàâíåíèþ L∗(∆, 12 − s) = L∗(∆, s). Ìîæíî
ñðàâíèòü ýòî ôóíêöèîíàëüíîå óðàâíåíèå ñ ôóíêöèîíàëüíóì óðàâíåíèåì äëß äçåòà-ôóíêöèè
Ðèìàíà ζ(s)
ζ∗(s) = pi−s/2Γ(s/2)ζ(s) = ζ∗(1− s).
Ñâßçü ñ ÷èñëàìè ðàçáèåíèé.
Íàïîìíèì,÷òî ðàçáèåíèåì íàòóðàëüíîãî ÷èñëà n íàçûâàåòñß íåóáûâàþùàß ïîñëåäîâàòåëü-
íîñòü íàòóðàëüíûõ ÷èñåë ñ ñóììîé, ðàâíîé n. Ôóíêöèß ÷èñëà ðàçáèåíèé îáîçíà÷àåòñß ÷åðåç
p : N→ N ïðè÷¼ì ïîëàãàþò p(0) = 1.
Êàê ìû âèäåëè, ïðîèçâîäßùèé ðßä ôóíêöèè p : N→ N äà¼òñß áåñêîíå÷íûì ïðîèçâåäåíèåì∑
n≥0
p(n)qn =
∏
m≥1
(1− qm)−1. Ñîîòâåòñòâóþùàß ãîëîìîðôíàß ôóíêöèß ïåðåìåííîé q ñõîäèòñß
â îòêðûòîì êðóãå. Ïîýòîìó ïîëó÷àåòñß ãîëîìîðôíàß ôóíêöèß íà H, f : H→ C ãäå
f(q) =
∑
n≥0
p(n)qn =
∏
m≥1
(1− qm)−1.
Èìååò ìåñòî ðàâåíñòâî ∆˜(q) = q(f(q))−24 ñâßçûâàþøåå ôóíêöèþ ÷èñëà ðàçáèåíèé è ôóíêöèþ
Ðàìàíóäæàíà τ .
Èñïîëüçóß ñâîéñòâî àâòîìîðôíîñòè, Õàðäè è Ðàìàíóäæàí äîêàçàëè ñëåäóþùóþ îöåíêó
äëß p(n):
p(n) =
(
1
4
√
3
+O
(
1
λ(n)
))
· exp(K · λ(n))
λ(n)2
ãäå λ(n) =
√
n− 12 è K = pi
√
2/3 (ñì. [Chand70]).
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Ñðàâíåíèå Ðàìàíóäæàíà è ïðåäñòàâëåíèß ãðóïï Ãàëóà.
Ñðàâíåíèå Ðàìàíóäæàíà óòâåðæäàåò, ÷òî
∀n ∈ Z+, τ(n) ≡
∑
d|n
d11mod 691. (2.9)
Â ÷àñòíîñòè, τ(691) = −2747313442193908 ≡ 1mod 691.
Äîñòàòî÷íî ïðîâåðèòü ñïðàâåäëèâîñòü ñðàâíåíèß τ(p) ≡ 1 + p11mod 691 äëß ëþáîãî ïðî-
ñòîãî ÷èñëà p îòëè÷íîãî îò 691. Äåéñòâèòåëüíî, òîãäà â ñèëó ìóëüòèïëèêàòèâíîñòè è â ñèëó
ðåêóððåíòíûõ ñîîòíîøåíèé ïî r áóäåì èìåòü
τ(pr+1) ≡ τ(pr)τ(p)− p11τ(pr−1) ≡
r+1∑
j=0
p11jmod 691,
îòêóäà áóäåò ñëåäîâàòü è îáùåå ñðàâíåíèå (2.9). Ñåðð íàø¼ë îáúßñíåíèå ýòîãî êóðü¼çíîãî
ñðàâíåíèß â ðàìêàõ òåîðèè ïðåäñòàâëåíèé ãðóïï Ãàëóà.
Ïóñòü Q  àëãåáðàè÷åñêîå çàìûêàíèå ïîëß Q ðàöèîíàëüíûõ ÷èñåë. Ïóñòü p  ïðîñòîå ÷èñëî,
îòëè÷íîå îò 691 è p  ïðîèçâîëüíûé ïðîñòîé èäåàë íàä (p) â êîëüöå O öåëûõ ýëåìåíòîâ Q¯.
Îáîçíà÷èì ÷åðåç Gp è Ip ïîäãðóïïû ãðóïïû Ãàëóà G = Gal(Q¯/Q) îïðåäåëåííûå ðàâåíñòâàìè:
Gp = {σ ∈ G | σp = p}
Ip = {σ ∈ Gp | ∀x ∈ O, σx ≡ x mod p}.
Ãðóïïà Gp íàçûâàåìàß ãðóïïîé ðàçëîæåíèß, îòîæäåñòâëßåòñß ñ ãðóïïîé Ãàëóà àëãåáðàè-
÷åñêîãî çàìûêûíèß Qp ïîëß Qp p-àäè÷åñêèõ ÷èñåë, å¼ íîðìàëüíàß ïîäãðóïïà Ip íàçûâàåòñß
ãðóïïîé èíåðöèè, à ôàêòîð-ãðóïïà Gp/Ip îòîæäåñòâëßåòñß ñ ãðóïïîé Ãàëóà àëãåáðàè÷åñêîãî
çàìûêûíèß êîíå÷íîãî ïîëß Fp. Ýòà ãðóïïà ïîðîæäàåòñß ýëåìåíòîì Ôðîáåíèóñà Frp.
Ñåðð ïðåäïîëîæèë, à Äåëèíü äîêàçàë, ÷òî äëß ëþáîãî ïðîñòîãî ÷èñëà l, ñóùåñòâóåò òàêîå
ïðåäñòàâëåíèå Ãàëóà ρl : G → GL(2,Zl), ÷òî äëß ëþáîãî ïðîñòîãî ÷èñëà p îòëè÷íîãî îò l,
ãðóïïà èíåðöèè Ip òðèâèàëüíî äåéñòâóåò (ò.å. ρl íåðàçâåòâëåíî â p), è det(Id−ρl(Frp) · X) =
1− τ(p)X + p11X2. Â ñëó÷àå l = 691 ñïðàâåäëèâî ñðàâíåíèå ρl(Frp) ≡
(
p11
0
?
1
)
mod 691, îòêóäà
τ(p) ≡ 1 + p11mod 691.
Âïîñëåäñòâèè, òàêèå ïðåäñòàâëåíèß Ãàëóà ïîñëóæèëè îñíîâîé äëß äîêàçàòåëüñòâà òåîðåìû
Óàéëñà î ìîäóëßðíîñòè ýëëèïòè÷åñêèõ êðèâûõ (1994), à òàêæå ãèïîòåç Ñåððà î ìîäóëßðíîñòè
âñåõ íå÷¼òíûõ äâóìåðíûõ ïðåäñòàâëåíèé Ãàëóà íàä êîíå÷íûìè ïîëßìè, äîêàçàííûõ â 2007
×.Êõàðå è Æ.-Ï. Âèíòåíáåðæå ñ èñïîëüçîâàíèåì ìåòîäîâ Ì.Êèñèíà, Æ.-Ì. Ôîíòýíà è Ð.Òýé-
ëîðà (Ëåòíßß øêîëà â Ìàðñåëå-Ëþìèíè, èþëü 2007).
Ôîðìóëû Þ.È.Ìàíèíà
Èñïîëüçóß öåïíûå äðîáè è ìîäóëßðíûå ñèìâîëû, Þ.È.Ìàíèí íàø¼ë ôîðìóëû äëß ôóíêöèè
Ðàìàíóäæàíà τ(n), äàþøèå ãîðàçäî áîëåå áûñòðûé ìåòîä âû÷èñëåíèß ýòîé ôóíêöèè, ÷åì
ìåòîä ðàçëîæåíèß â ðßä áåñêîíå÷íîãî ïðîèçâåäåíèß, èëè æå ìåòîä îñíîâàííûé íà ðßäàõ Ýé-
çåíøòåéíà (∆ = (E34 − E26)/1728). Ýòè ôîðìóëû òàêîâû:
τ(n) = σ11(n)−
∑ ∗(n)(691
18
(∆8δ2 −∆2δ8)− 691
6
(∆6δ4 −∆4δ6)
)
;
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Ðèñ. 1: Ëåòíßß øêîëà Ãèïîòåçû Ñåððà î ìîäóëßðíîñòè â Ìàðñåëå-Ëþìèíè, èþëü 2007
τ(n) = σ11(n)− 69118
∑ ∗(n)∆2δ2(∆2 − δ2)3
ãäå σ11(n) =
∑
d|n
d11 à âî âíåøíåé ñóììå
∑ ∗(n) ñïðàâà ñóììèðîâàíèå ïðîèçâîäèòñß ïî âñåì
öåëûì ðåøåíèßì óðàâíåíèß, n = ∆∆′+ δδ′, êîòðûå äîïóñòèìû, ò.å. óäîâëåòâîðßþò óñëîâèßì{
(∆, δ)
∣∣n = ∆∆′ + δδ′, ∆ > δ > 0, ∆′ > δ′ > 0, ãäå
∆|n, ∆′ = n
∆
, δ′ = 0, 0 <
δ
∆
≤ 1
2
}
.
Êðîìå òîãî, ÷ëåíû ñ δ∆ =
1
2 áåðóòñß â ñóììå ñ êîýôôèöèåíòîì
1
2 . Ýòà ôîðìóëà, â ÷àñòíîñòè,
äà¼ò íîâîå äîêàçàòåëüñòâî ñðàâíåíèé Ðàìàíóäæàíà
τ(n) ≡ σ11(n)(mod691).
Ñ ïîìîùüþ ýòèõ ôîðìóë ìîæíî òàêæå íàéòè τ(6911) = −615012709514736031488, ïðè÷¼ì
îêàçûâàåòñß, ÷òî τ(6911) ≡ 1 + 691111(mod691), íî τ(6911) 6≡ 1 + 691111(mod6912).
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Âû÷èñëåíèå ñ PARI-GP
(ñì. òàêæå
http://www.research.att.com/~njas/sequences/A000594, è
D. H. Lehmer, Tables of Ramanujan's function tau(n), Math. Comp., 24 (1970), 495-496.)
Ïðîãðàììà íà PARI-GP:
{
m=11;n=2 ;si(n,m)= p=0; fordiv(n,d, p+= d^m); p \\ ñóììà ñòåïåíåé äåëèòåëåé
}
{
s1(n)=d3=1; vd1=[]; c1=0;
\\ ïåðâàß ÷àñòü ñóììû (ñ \Delta>\delta>0,\ \Delta'>\delta'>0
for(d1=1,n-1, for(d2=1,n-1,if(n-d1*d2>0,
fordiv(n-d1*d2, d3,if(((d3<d1)& ((n-d1*d2)/d3<d2)),
d4=(n-d1*d2)/d3; c1=c1+1;
vd1=concat(vd1,[[d1,d2,d3,d4,c1]]);
print("Delta="d1,"\t", "Deltap="d2,"\t","delta="d3,"\t", " deltap=" (n-d1*d2)/d3,"\t",c1);
)))));vd1
}
{
s2(n)= c2=c1; vd2=[];fordiv(n, d1, d2=n/d1;d4=0;for(d3=0,d1/2, \\ âòîðàß ÷àñòü ñóììû (ñ \delta'=0)
if(d3==d1/2, c=1/2, c=1); c2=c2+1;
vd2=concat(vd2, [[d1,d2,d3,d4,c, c2]]);
print("Delta="d1,"\t", "Deltap="d2,"\t","delta="d3,"\t", "deltap="d4,"\t", c ,"\t",c2)
)) ; vd2
}
{
tau(n)=s1(n); s2(n); lvd1=length(vd1); lvd2=length(vd2); sn=0;
for(i1=1,lvd1, sn+=
vd1[i1] [1]^2* vd1[i1] [3]^2*(vd1[i1] [1]^2- vd1[i1] [3]^2)^3);
for(i2=1,lvd2,sn+=
(vd2[i2] [5])*vd2[i2] [1]^2* vd2[i2] [3]^2*(vd2[i2] [1]^2- vd2[i2] [3]^2)^3);
si(n,11)-(691/18)*sn
}
gp > tau(100)
Delta=2 Deltap=34 delta=1 deltap=32 1
Delta=2 Deltap=35 delta=1 deltap=30 2
Delta=2 Deltap=36 delta=1 deltap=28 3
Delta=2 Deltap=37 delta=1 deltap=26 4
...............................................................................
Delta=100 Deltap=1 delta=50 deltap=0 1/2 291
%3 = 37534859200 \\ \\ ðåçóëüòàò: tau(100)
gp > ##
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*** last result computed in 160 ms.
Ìíîãî äðóãèõ ìåòîäîâ ñì. â [Sloane], [Leh70]. Îòìåòèì îòêðûòóþ ïðîáëåìó (ïðîáëåìà Ëåìåðà)
î òîì, ÷òî τ(n) íå îáðàùàåòñß â íóëü.
Äðóãàß íòåðåñíàß îòêðûòàß ïðîáëåìà ñîñòîèò â ïîñòðîåíèè ïîëèíîìèàëüíîãî àëãîðèòìà
âû÷èñëåíèß τ(p) äëß ïðîñòîãî ÷èñëà p. Àíàëîãè÷íûé ðåçóëüòàò èçâåñòåí äëß êîýôôèöèåíòîâ
a(p) ïðîèçâîäßøåãî ðßäà fE(z) ýëëèïòè÷åñêîé êðèâîé E íàä Q (àëãîðèòì Ñõîîôà). Ïî òåîðå-
ìå Óàéëñà, òàêîé ðßä ßâëßåòñß ìîäóëßðíîé ôîðìîé âåñà 2 îòíîñèòåëüíî íåêîòîðîé êîíãðóýíö-
ïîäãðóïïû ìîäóëßðîé ãðóïïû, â òî âðåìß,êàê τ(p) ßâëßþòñß êîýôôèöèåíòàìè ìîäóëßðíîé
ôîðìû âåñà 12 îòíîñèòåëüíî ïîëíîé ìîäóëßðîé ãðóïïû.
3 Êëàññè÷åñêèå ìîäóëßðíûå ôîðìû
ââîäßòñß êàê íåêîòîðûå ãîëîìîðôíûå ôóíêöèè íà âåðõíåé êîìïëåêñíîé ïîëóïëîñêîñòè H =
{z ∈ C | Im z > 0}, êîòîðóþ ìîæíî òàêæå ðàññìàòèâàòü êàê îäíîðîäíîå ïðîñòðàíñòâî ãðóïïû
G(R) = GL2(R):
H = GL2(R)/O(2) · Z, (3.10)
ãäå Z = {(x0 0x) |x ∈ R×} öåíòð ãðóïïû G(R) à O(2) îðòîãîíàëüíàß ãðóïïà. Ïðè ýòîì ãðóï-
ïà GL+2 (R) ìàòðèö γ =
(
aγ
cγ
bγ
dγ
)
ñ ïîëîæèòåëüíûì îïðåäåëèòåëåì äåéñòâóåò íà H äðîáíî-
ëèíåéíûìè ïðåîáðàçîâàíèßìè; íà ëåâûõ ñìåæíûõ êëàññàõ (3.10) ýòî äåéñòâèå ïåðåõîäèò â
åñòåñòâåííîå äåéñòâèå ãðóïïîâûìè ñäâèãàìè.
Ïóñòü Γ  ïîäãðóïïà êîíå÷íîãî èíäåêñà â ìîäóëßðíîé ãðóïïå SL2(Z).
Îïðåäåëåíèå 3.1 Ãîëîìîðôíàß ôóíêöèß íà âåðõíåé êîìïëåêñíîé ïîëóïëîñêîñòè H =
{z ∈ C | Im z > 0} f : H → C íàçûâàåòñß ìîäóëßðíîé ôîðîé öåëîãî âåñà k îòíîñèòåëü-
íî Γ, åñëè âûïîëíåíû ñëåäóþøèå óñëîâèß a) è b):
a) Óñëîâèå àâòîìîðôíîñòè
f((aγz + bγ)/(cγz + dγ)) = (cγz + dγ)kf(z) (3.11)
äëß âñåõ γ ∈ Γ;
b) Ðåãóëßðíîñòü â âåðøèíàõ: f ðåãóëßðíà â âåðøèíàõ z ∈ Q ∪ i∞; ýòî îçíà÷àåò, ÷òî äëß
êàæäîãî ýëåìåíò σ =
(
a
c
b
d
)
∈ SL2(Z) ôóíêöèß (cz + d)−kf
(
az+b
cz+d
)
ðàçëàãàåòñß â ðßä
Ôóðüå ïî íåîòðèöàòåëüíûì ñòåïåíßì q1/N = e(z/N) äëß íåêîòîðîãî íàòóðàëüíîãî
÷èñëà N . Ìîäóëßðíàß ôîðìà
f(z) =
∞∑
n=0
a(n)e(nz/N)
íàçûâàåòñß ïàðàáîëè÷åñêîé, åñëè f îáðàùàåòñß â íóëü âî âñåõ âåðøèíàõ
(ò.å. èõ ðàçëîæåíèß Ôóðüå ñîäåðæàò ëèøü ñòðîãî ïîëîæèòåëüíûå ñòåïåíè q1/N ),
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see [Se70], [Ma-Pa05], ãëàâà 6. Êîìïëåêñíîå âåêòîðíîå ïðîñòðàíñòâî âñåõ ìîäóëßðíûõ ôîðì
(ñîîòâ. ïàðàáîëè÷åñêèõ) ôîðì âåñà k îòíîñèòåëüíî Γ îáîçíà÷àåòñß Mk(Γ) (ñîîòâ. Sk(Γ)).
Ôóíäàìåíòàëüíûé ðåçóëüòàò òåîðèè ìîäóëßðíûõ ôîðì óòâåðæäàåò, ÷òî ýòè ïðîñòðàíñòâà
êîíå÷íîìåðíû. Êðîìå òîãî, èìååì Mk(Γ)Ml(Γ) ⊂Mk+l(Γ). Ïðßìàß ñóììà
M(Γ) =
∞⊕
k=0
Mk(Γ)
ßâëßåòñß ãðàäóèðîâàííîé àëãåáðîé íàä C ñ êîíå÷íûì ÷èñëîì îáðàçóþùèõ.
Ïðèìåð ìîäóëßðíûõ ôîðì îòíîñèòåëüíî SL2(Z) âåñà k ≥ 4 äà¼òñß ðßäàìè Ýéçåíøòåéíà
Gk(z) =
∑
m1,m2∈Z
′
(m1 +m2z)−k (3.12)
(ïðèì îçíà÷àåò, ÷òî (m1,m2) 6= (0, 0)). Äëß ýòèõ ðßäîâ óñëîâèå àâòîìîðôíîñòè (3.11) íåïî-
ñðåäñòâåííî âûâîäèòñß èç îïðåäåëåíèß. Èìååì Gk(z) ≡ 0 äëß íå÷¼òíûõ k è
Gk(z) =
2(2pii)k
(k − 1)!
[
−Bk
2k
+
∞∑
n=1
σk−1(n)e(nz)
]
, (3.13)
ãäå σk−1(n) =
∑
d|n d
k−1 è Bk îáîçíà÷àåò kå ÷èñëî Áåðíóëëè.
Ãðàäóèðîâàííàß àëãåáðà M(SL2(Z)) èçîìîðôíà êîëüöó ìíîãî÷ëåíîâ îò íåçàâèñèìûõ ïåðå-
ìåííûõ G4 è G6.
3.1 Ôóíäàìåíòàëüíàß îáëàñòü ìîäóëßðíîé ãðóïïû
Ïóñòü S =
(
0
1
−1
0
)
et T =
(
1
0
1
1
)
. Èìååì
S(z) = −z−1, T (z) = z + 1.
Ñ äðóãîé ñòîðîíû, ïóñòü D ïîäìíîæåñòâî H ñîñòîßøåå èç òî÷åê z òàêèõ, ÷òî |z| >≥ 1 è
|Re(z)| ≤ 1/2. Ìû óâèäèì, ÷òî D ßâëßåòñß ôóíäàìåíòàëüíàß îáëàñòüþ äëß äåéñòâèß ìîäó-
ëßðíîé ãðóïïû Γ(1) = SL(2,Z) íà H, ò.e. åñòåñòâåííîå îòîáðàæåíèå ïðîåêöèè D → Γ(1)\H
ñþðúåêòèâíî, à åãî îãðàíè÷åíèå íà âíóòðåííîñòü D èíúåêòèâíî. Â òî æå âðåìß ìû âèäåëè,
÷òî S è T ïîðîæäàþò Γ(1) = SL(2,Z).
Òåîðåìà 3.2 1) Äëß âñåõ z ∈ H ñóùåñòâóåò ìàòðèöà γ ∈ Γ(1), òàêàß, ÷òî γ(z) ∈ D.
2) Ïðåäïîëîæèì, ÷òî äâå ðàçëè÷íûå òî÷êè z, z′ ∈ D ýêâèâàëåíòíû ïðè äåéñòâèè Γ(1). Òîãäà
èëè Re(z) = ±1/2 è z = z′ + 1, èëè |z| = 1 è z′ = −1/z.
3) Ïóñòü z ∈ D, è ïóñòü St(z) = {γ ∈ Γ(1) | γ(z) = z} ñòàáèëèçàòîð òî÷êè z â Γ(1). Òîãäà
èìååì St(z) = {±1} çà èñêëþ÷åíèåì òð¼õ ñëåäóþùèõ ñëó÷àåâ:
z = i, ïðè ýòîì St(z) ãðóïïà ïîðßäêà 4 ïîðîæä¼ííàß S;
z = ρ = e2pii/3, ïðè ýòîì St(z) ãðóïïà ïîðßäêà 6 ïîðîæä¼ííàß ýëåìåíòîì ST =
(
0
1
−1
1
)
;
z = −ρ = epii/3, ïðè ýòîì St(z) ãðóïïà ïîðßäêà 6 ïîðîæä¼ííàß ýëåìåíòîì TS = ( 11 −10 ) .
Ìíîæåñòâî H/ SL2(Z) ìîæíî îòîæäåñòâèòü ñ ìîæåñòâîì êëàññîâ èçîìîðôèçìà ýëëèïòè-
÷åñêèõ êðèâûõ íàä C: òî÷êå z ∈ H ñîïîñòàâëßåòñß êîìïëåêñíûé òîð C/(Z + zZ) êîòîðûé
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Ðèñ. 2: Äåéñòâèå ãðóïïû SL(2,Z).
Íà ðèñóíêå 2 ïðåäñòàâëåíî äåéñòâèå ãðóïïû SL(2,Z) íà âåðõíåé êîìïëåêñíîé ïîëóïëîñêîñòè.
àíàëèòè÷åñêè èçîìîðôåí ðèìàíîâîé ïîâåðõíîñòè ýëëèïòè÷åñêîé êðèâîé, çàïèñàííîé â ôîðìå
Âåéåðøòðàññà:
y2 = 4x3 − g2(z)x− g3(z) (3.14)
ãäå g2 = 60G4(z), g3(z) = 140G6(z).
Ïðè çàìåíå z íà γ(z) äëß γ =
(
aγ
cγ
bγ
dγ
)
∈ SL2(Z) ðåø¼òêà Λz = Z+ zZ çàìåíèòñß íà
Λγ(z) = Z+ γ(z)Z = (cz + d)−1(Z+ zZ) = (cz + d)−1Λz,
à êðèâàß (3.14) ïðèìåò êàíîíè÷åñêóþ ôîðìó Âåéåðøòðàññà ñ êîýôôèöèåíòàìè
g2(γ(z)) = (cz + d)4g2(z), g3(γ(z)) = (cz + d)6g3(z).
Äèñêðèìèíàíò êóáè÷åñêîãî ìíîãî÷ëåíà ñïðàâà (3.14) ßâëßåòñß ìîäóëßðíîé ïàðàáîëè÷åñêîé
ôîðìîé âåñà 12 îòíîñèòåëüíî ãðóïïû Γ = SL2(Z):
2−4(g32 − 27g23) = (3.15)
2−4(2pi)12q
∞∏
m=1
(1− qm)24 = 2−4(2pi)12
∞∑
n=1
τ(n)qn,
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ãäå τ(n) ôóíêöèß Ðàìàíóäæàíà. Ïðè ýòîì ôóíêöèß
j(z) = 1728
g32
g32 − 27g23
=
1
q
+ 744 +
∞∑
n=1
c(n)qn (3.16)
ìåðîìîðôíà íà H è â ∞, è íå ìåíßåòñß ïðè äðîáíî-ëèíåéíûõ ïðåîáðàçîâàíèßõ ñ ìàòðèöàìè
èç Γ = SL2(Z). Ýòà ôóíêöèß äîñòàâëßåò âàæíûé ïðèìåð ìîäóëßðíîé ôóíêöèè è íàçûâàåòñß
ìîäóëßðíûì èíâàðèàíòîì
3.2 Ìîäóëßðíûå ôîðìû êàê âû÷èñëèòåëüíîå ñðåäñòâî ðåøåíèß çà-
äà÷ àðèôìåòèêè
Òàêèì îáðàçîì, ìû ìîæåì ðàññìàòðèâàòü ìîäóëßðíûå ôîðìû êàê
1) ñòåïåííûå ðßäû f =
∞∑
n=0
anq
n ∈ C[[q]] è êàê
2) ãîëîìîðôíûå ôóíêöèè íà âåðõíåé ïîëóïëîñêîñòè
H = {z ∈ C | Im z > 0},
ãäå q = exp(2piiz), z ∈ H, è ðàññìîòðèì L-ôóíêöèþ L(f, s, χ) =
∞∑
n=1
χ(n)ann−s äëß ëþáîãî
õàðàêòåðà Äèðèõëå χ : (Z/NZ)∗ → C∗, íàïðèìåð, äëß ñèìâîëà ßêîáè χ(n) = ( nN ).
Åù¼ îäèí ìåòîä âû÷èñëåíèß ôóíêöèè Ðàìàíóäæàíà:
Ïîëîæèì hk :=
∞∑
n=1
∑
d|n
dk−1qn =
∞∑
d=1
dk−1qd
1− qd .
Äîêàçûâàåòñß: ∆ = (E34 − E26)/1728, ãäå E4 = 1 + 240h4 è E6 = 1− 504h6:
Âû÷èñëåíèå ñ PARI-GP
(ñì. [BBBCO]).
hk :=
∞∑
n=1
∑
d|n
dk−1qn =
∞∑
d=1
dk−1qd
1− qd =⇒
gp > h6=sum(d=1,20,d^5*q^d/(1-q^d)+O(q^20))
gp > h4=sum(d=1,20,d^3*q^d/(1-q^d)+O(q^20)
gp > Delta=((1+240*h4)^3-(1-504*h6)^2)/1728
q - 24*q^2 + 252*q^3 - 1472*q^4 + 4830*q^5 - 6048*q^6 - 16744*q^7
+ 84480*q^8 - 113643*q^9 - 115920*q^10 + 534612*q^11
- 370944*q^12 - 577738*q^13 + 401856*q^14 + 1217160*q^15
+ 987136*q^16 - 6905934*q^17+ 2727432*q^18 + 10661420*q^19 + O(q^20)
Ñðàâíåíèå Ðàìàíóäæàíà: τ(n) ≡
∑
d|n
d11 mod 691 :
14
gp > (Delta-h12)/691
%10 = -3*q^2 - 256*q^3 - 6075*q^4 - 70656*q^5 - 525300*q^6
- 2861568*q^7 - 12437115*q^8 - 45414400*q^9
- 144788634*q^10 - 412896000*q^11 - 1075797268*q^12
- 2593575936*q^13 - 5863302600*q^14 - 12517805568*q^15
- 25471460475*q^16 - 49597544448*q^17
- 93053764671*q^18 - 168582124800*q^19 + O(q^20)
Âîò åø¼ òðè ïðîãðàììû âû÷èñëåíèß τ(n) (ñì. [Sloane])
PROGRAM
(MAGMA) M12:=ModularForms(Gamma0(1), 12); t1:=Basis(M12)[2];
PowerSeries(t1[1], 100); Coefficients($1);
(PARI) a(n)=if(n<1, 0, polcoeff(x*eta(x+x*O(x^n))^24, n))
(PARI) {tau(n)=if(n<1, 0, polcoeff(x*(sum(i=1, (sqrtint(8*n-7)+1)\2,
(-1)^i*(2*i-1)*x^((i^2-i)/2), O(x^n)))^8, n));}
gp > tau(6911)
%3 = -615012709514736031488
gp > ##
*** last result computed in 3,735 ms.
Ñõåìà ïðèìåíåíèß ìîäóëßðíûõ ôîðì äëß ðåøåíèß çàäà÷ òåîðèè ÷è-
ñåë:
Ïðîèçâîäßùàß
ôóíêöèß
f =
∑∞
n=0 anq
n
∈ C[[q]]
äëß àðèôìåòè÷åñêîé
ôóíêöèè n 7→ an,
íàïðèìåð an = p(n)
 
Âûðàæåíèå ÷åðåç
ìîäóëßðíóþ ôîðìó,
íàïðèìåð
∞∑
n=0
p(n)qn
= (∆/q)−1/24
 ×èñëî
(îòâåò)
Ïðèìåð 1 (ñì. [Chand70]):
(Õàðäè-Ðàìàíóäæàí)
↑ ↑
p(n) =
epi
p
2/3(n−1/24)
4
√
3λ2n
+O(epi
p
2/3λn/λ3n),
λn =
p
n − 1/24,
Õîðîøèå áàçèñû
êîíå÷íîìåðíîñòü
ìíîãî ñîîòíîøåíèé
è òîæäåñòâ
Çíà÷åíèß
L-ôóíêöèé,
ñðàâíåíèß,
. . .
Ïðèìåð 2 (ñì. â [Ma-Pa05], ãëàâû 6 è 7): òåîðåìà Ôåðìà-Óàéëñà, ãèïîòåçà Á¼ð÷à-Ñóèííåðòîíà-
Äàéåðà, . . .
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4 Ðßäû Ýéçåíøòåéíà è ñðàâíåíèß äëß ôóíêöèè Ðàìàíóä-
æàíà.
Ðßäû Ýéçåíøòåéíà è èõ ðàçëîæåíèå Ôóðüå.
Ïóñòü k > 2. Äëß ðåø¼òêè Λ ⊂ C ïîëîæèì
Gk(Λ) =
∑
l∈Λ
l−k =
∑
m,n
′
(mω1 + nω2)−k, Λ = 〈ω1, ω2〉,
Ýòîò ðßä ñõîäèòñß àáñîëþòíî äëß k > 2.
Ïðåäëîæåíèå 4.1 (à) Èìååì
Gk(z) =
∑
m,n∈Z
′
(mz + n)−k ∈Mk(Γ(1));
(á)
Gk(z) = 2ζ(k)
[
1− 2k
Bk
∞∑
n=1
σk−1(n)qn
]
=: 2ζ(k)Ek(z),
ãäå q = e(z) = exp(2piiz), Bk ÷èñëà Áåðíóëëè îïðåäåë¼ííûå ðàçëîæåíèåì
x
ex − 1 =
∞∑
k=0
Bk
xk
k!
Âîò íåñêîëüêî ÷èñëåííûõ çíà÷åíèé:
B0 = 1, B1 = −12 , B2 =
1
6
, B3 = B5 = · · · = 0, B4 = − 130 , B6 =
1
42
,
B8 = − 566 , B12 =
691
2730
, B14 = −76 , B16 =
3617
510
, B18 = −43867798 , . . . .
Èìååì ζ(k) = − (2pii)
k
2
Bk
k!
,
Gk(z) =
(2pii)k
(k − 1)!
[
−Bk
2k
+
∞∑
n=1
σk−1(n)qn
]
=:
(2pii)k
(k − 1)!Gk(z).
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Ïðèìåðû.
E4(z) = 1 + 240
∞∑
n=1
σ3(n)qn ∈M4(SL(2,Z)),
E6(z) = 1− 504
∞∑
n=1
σ5(n)qn ∈M6(SL(2,Z)),
E8(z) = 1 + 480
∞∑
n=1
σ7(n)qn ∈M8(SL(2,Z)),
E10(z) = 1− 264
∞∑
n=1
σ9(n)qn ∈M10(SL(2,Z)),
E12(z) = 1 +
65520
691
∞∑
n=1
σ11(n)qn ∈M12(SL(2,Z)),
E14(z) = 1− 24
∞∑
n=1
σ13(n)qn ∈M14(SL(2,Z)).
Äîêàçàòåëüñòâî. Àâòîìîðôíîñòü ßñíà, ïîñêîëüêó Gk(λΛ) = λ−kGk(Λ) ïîýòîìó Gk ßâëßåòñß
îäíîðîäíîé ôóíêöèåé ðåø¼òêè ñòåïåíè îäíîðîäíîñòè −k, è
Gk(z) = Gk(Λz), Gk(γz) = Gk(Λγz) = Gk(〈1, az + b
cz + d
〉)
= Gk((cz + d)−1〈cz + d, az + b〉) = (cz + d)kGk(〈cz + d, az + b〉) = (cz + d)kGk(Λz) = (cz + d)kGk(z),
ïîñêîëüêó 〈cz + d, az + b〉 = 〈1, z〉 äëß âñåõ
(
a
c
b
d
)
∈ SL2(Z).
Äëß íàõîæäåíèß ðàçëîæåíèß Ôóðüå èñïîëüçóåòñß èçâåñòíîå ðàçëîæåíèå ñèíóñà â áåñêîíå÷-
íîå ïðîèçâåäåíèå:
sin(pia) = pia
∞∏
n=1
(
1− a
2
n2
)
. (4.17)
Ëîãàðèôìè÷åñêàß ïðîèçâîäíàß (4.17) äà¼ò
pictgpia =
1
a
+
∞∑
n=1
(
1
a+ n
− 1
a− n
)
. (4.18)
Çàìåòèì, ÷òî
pii
epiia + e−piia
epiia − e−piia = pii+
2pii
e2piia − 1 = pii− 2pii
∞∑
n=1
e2piina, (4.19)
è ïîëîæèì x = 2piia; îòñþäà
x
2
+
x
ex − 1 = 1 +
∞∑
n=1
2x2
x2 − (2piin)2 ,
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ãäå
∞∑
k=0
Bk
xk
k!
+
x
2
= 1−
∞∑
n=1
2
( x
2piin
)2
−
( x
2piin
)2
+ 1
=
1− 2
∞∑
n=1
∑
k=2k′≥2
( x
2piin
)k
= 1− 2
∑
k=2k′≥2
ζ(k)
(2pii)k
xk.
Ýòî íåïîñðåäñòâåííî äà¼ò
ζ(k) = − (2pii)
k
2
Bk
k!
, (4.20)
â ÷àñòíîñòè,
ζ(2) =
pi2
6
, ζ(4) =
pi4
90
.
×òîáû äîêàçàòü (á), ïðîâîäèòñß äèôôåðåíöèðîâàíèå îáåèõ ÷àñòåé (4.19) ïî ïåðåìåííîé a
(k − 1) ðàç:
−(2pii)k
∞∑
n=1
nk−1e2piina = (−1)k−1(k − 1)!
∑
n∈Z
(a+ n)−k, (k ∈ 2Z, k ≥ 2). (4.21)
Ïîëîæèì a = mz, òîãäà
(2pii)k
(k − 1)!
∞∑
n=1
nk−1e2piinmz =
∑
n∈Z
(mz + n)−k. (4.22)
Åñëè òåïåðü k > 2, òî ìîæíî ïðîñóììèðîâàòü ïî m îò 1 äî ∞. Â ðåçóëüòàòå ýòîãî ïîëó÷èì
Gk(z) = 2ζ(k) + 2
∑
m=1
∞∑
n=−∞
(mz + n)−k = 2ζ(k)
1− 2k
Bk
∞∑
m,d=1
dk−1qmd
 . (4.23)
Îòìåòèì, ÷òî äâîéíîé ðßä â (4.23) àáñîëþòíî ñõîäèòñß ïðè k > 2 íî ðßä (4.23) èìååò ñìûñë
è ïðè k = 2 êàê óñëîâíî ñõîäßùèéñß ðßä. Äîêàçàòåëüñòâî çàâåðøàåòñß ïîäñòàíîâêîé (4.20) â
(4.23).
Òåîðåìà 4.2 Ïóñòü ∆(z) = q
∏
m≥1
(1− qm)24. Òîãäà èìååì
∆(−z−1) = z12∆(z).
(ñì. òàêæå [Se70]).
Äîêàçàòåëüñòâî. Ïîëîæèì
E2(z) = 1− 24
∞∑
n=1
σ1(n)qn.
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Èìååì
d
dz
log(∆(z)) =
d
dz
log q + 24
∞∑
m=1
d
dz
log(1− qm) =
2pii(1− 24
∞∑
m=1
mq(1− qm)−1) = 2piiE2(z), dq
dz
= 2piiq.
Äîñòàòî÷íî äîêàçàòü ñëåäóþùåå ïðåäëîæåíèå:
Ïðåäëîæåíèå 4.3
z−2E2(−z−1) = E2(z) + 122piiz . (5.8)
Äîêàçàòåëüñòâî ïðåäëîæåíèß. Èñïîëüçóåòñß ðßä (4.23) ñ k = 2 ñõîäßùèéñß óñëîâíî:
E2(z) =
1
2ζ(2)
∞∑
m=−∞
 ∞∑
n=−∞
n6=0
(mz + n)−2
 =
1 +
3
pi2
∑
m6=0
( ∞∑
n=−∞
(mz + n)−2
)
= 1 +
6
pi2
∞∑
m=1
( ∞∑
n=−∞
(mz + n)−2
)
.
Äëß ôèêñèðîâàííîãî m èìååì
∞∑
n=−∞
(mz + n)−2 = 1− 4
B2
∞∑
d=1
dqmd = 1− 24
∞∑
n=1
σ1(n)qn.
Âûïîëíèì ïîäñòàíîâêó
z−2E2(−z−1) = 12ζ(2)
∞∑
m=−∞
 ∞∑
n=−∞
n6=0
(−m+ nz)2
 = 1 + 3
pi2
∞∑
n=−∞
∑
m 6=0
(mz + n)−2.
Åñëè ïîëîæèòü am,n = (mz + n)−2, òî äîêàçàòåëüñòâî ñâîäèòñß ê ïðîâåðêå ðàâåíñòâà
−
∑
m
∑
n
am,n +
∑
n
∑
m
am,n =
12
2piiz
.
Äëß åãî äîêàçàòåëüñòâà ââîäèòñß ïîïðàâî÷íûé ÷ëåí
bm,n(z) =
1
(mz + n− 1)(mz + n) =
1
(mz + n− 1) −
1
(mz + n)
(4.24)
Ïîëó÷àåòñß ìîäèôèöèðîâàííûé ðßä
E˜2(z) = 1 +
3
pi2
∑
m 6=0
∞∑
n=−∞
(
(mz + n)−2 − bm,n(z)
)
(4.25)
êîòîðûé óæå àáñîëþòíî ñõîäèòñß ïîñêîëüêó
(mz + n)−2 − ((mz + n− 1)(mz + n))−1 = (mz + n)−2(mz + n− 1)−1.
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Ñ äðóãîé ñòîðîíû,
E˜2(z) =
1 +
3
pi2
∑
m 6=0
( ∞∑
n=−∞
(mz + n)−2
)
+
3
pi2
∑
m 6=0
∞∑
n=−∞
(
1
(mz + n)
− 1
(mz + n− 1)
)
,
è ïîñëåäíßß ñóììà ïðåîáðàçóåòñß â íóëü, ïîýòîìó
E˜2(z) = E2(z).
Èçìåíåíèå ïîðßäêà ñóììèðîâàíèß â (4.25) îáîñíîâàíî â ñèëó àáñîëþòíîé ñõîäèìîñòè, îòêóäà
E˜2(z) = 1 +
3
pi2
∞∑
n=−∞
∑
m6=0
(
(mz + n)−2 − bm,n(z)
)
=
z−2E2(−z−1)− 3
pi2
∞∑
n=−∞
∑
m 6=0
bm,n
 .
Îñòà¼òñß âû÷èñëèòü ïîñëåäíþþ ñóììó:
∞∑
n=−∞
∑
m6=0
bm,n
 = lim
N→∞
n=N∑
n=−N+1
∑
m 6=0
bm,n
 .
Îäíàêî ∑
m 6=0
(mz − n)−2 = 1
z2
∑
m 6=0
(n/z −m)−2 = − 1
n2
− 4pi
2
z2
∞∑
d=1
de−2piind(1/z)
ïîýòîìó äëß âñåõ z âíåøíßß ñóììà ñõîäèòñß àáñîëþòíî, è ïðåîáðàçóåòñß â
∑
m6=0
(
n=N∑
n=−N+1
bm,n
)
=
∑
m 6=0
(
1
(mz −N) −
1
(mz +N)
)
=
2
z
∞∑
m=1
(
1
(−N/z +m) +
1
(−N/z −m)
)
=
2
z
(
pictg
(
−piN
z
)
+
z
N
)
→ −2pii
z
ïðè N →∞, z ∈ H, îòêóäà ñëåäóåò è ïðåäëîæåíèå 4.3, è òåîðåìà 4.2.
4.1 Ñòðóêòóðà ïðîñòðàíñòâ ìîäóëßðíûõ ôîðì îòíîñèòåëüíî SL2(Z).
(ñì. òàêæå [Se70], pp.127178).
Ïóñòü f íåíóëåâàß ìåðîìîðôíàß ôóíêöèß íà H, è ïóñòü p íåêîòîðàß òî÷êà â H. Íàçîâ¼ì
ïîðßäêîì f â p, è îáîçíà÷èì åãî ÷åðåç vp(f), öåëîå ÷èñëî n òàêîå, ÷òî ôóíêöìß f/(z − p)n
ãîëîìîðôíà è íåîáðàùàåòñß â íóëü â òî÷êå p.
Ïóñòü f ìîäóëßðíàß ôóíêöèß âåñà k, òî ðàâåíñòâî
f(z) = (cz + d)−kf
(
az + b
cz + d
)
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ïîêàçûâàåò, ÷òî vp(f) = vγ(p)(f) äëß âñåõ γ ∈ Γ = Γ(1); äðóãèìè ñëîâàìè, vp(f) çàâèñèò òîëüêî
îò îáðàçà p â Γ\H. Áîëüøå òîãî, ìîæíî îïðåäåëèòü è v∞(f) êàê ïîðßäîê îòíîñèòåëüíî q = 0
ôóíêöèè f˜(q) = f(z) àññîöèèðîâàííîé ñ f . Ïîëîæèì ep = 2 (ñîîòâ.ep = 3) åñëè p ýêâèâàëåíòíà
îòíîñèòåëüíî Γ òî÷êå i (ñîîòâ. òî÷êå ρ), è ep = 1 â ïðîòèâíîì ñëó÷àå.
Ïðåäëîæåíèå 4.4 (î ñòåïåíè äèâèçîðà ìîäóëßðíîé ôîðìû ) Ïóñòü f íå-
íóëåâàß ìîäóëßðíàß ôóíêöèß âåñà k îòíîñèòåëüíî Γ(1). Èìååì
v∞(f) +
∑
p∈Γ(1)\H
1
ep
vp(f) =
k
12
[Ìîæíî òàêæå çàïèñàòü ýòîò ðåçóëüòàò â âèäå:
v∞(f) +
1
2
vi(f) +
1
3
vρ(f) +
∑
p∈Γ(1)\H
∗′
vp(f) =
k
12
,
ãäå ñèìâîë
∑
p∈Γ(1)\H
∗′
îçíà÷àåò ñóììèðîâàíèå ïî âñåì êëàññàì òî÷åê Γ(1)\H, îòëè÷íûì îò êëàñ-
ñîâ òî÷åê i et de ρ].
Åñòåñòâåííîå äîêàçàòåëüñòâî ýòîãî ôàêòà èñïîëüçóåò ñòðóêòóðó ðèìàíîâîé ïîâåðõíîñòè íà
Γ(1)\H, ãäå H = H ∪Q ∪∞.
Òåîðåìà 4.5 (î ôóíêöèè Ðàìàíóäæàíà ∆ è ðßäàõ Ýéçåíøòåéíà) (i) Èìå-
åì Mk(Γ(1)) = 0 pour k < 0 è k = 2.
(ii) Äëß k = 0, 4, 6, 8, 10 ïðîñòðàíñòâîMk(Γ(1)) èìååò ðàçìåðíîñòü 1 ñ áàçèñîì 1, E4, E6, E8, E10;
ïðè ýòîì Sk(Γ(1)) = 0.
(iii) Óìíîæåíèå íà ∆ îïðåäåëßåò èçîìîðôèçì Mk−12(Γ(1)) íà Sk(Γ(1)).
Òåîðåìà 4.6 (ðàçìåðíîñòè ïðîñòðàíñòâ ìîäóëßðíûõ ôîðì äëß SL(2,Z))
(à)
dimMk(Γ(1)) =

[
k
12
]
, k ≡ 2(mod12), k ≥ 0,
0, k ≡ 1(mod2),[
k
12
]
+ 1, k 6≡ 2(mod12), k ≥ 0, k ∈ 2Z.
dim Sk(Γ(1)) =

[
k
12
]− 1, k ≡ 2(mod12), k ≥ 12,
0, k ≡ 1(mod2),[
k
12
]
, k 6≡ 2(mod12), k ≥ 0, k ∈ 2Z.
(á) Ïðîèçâåäåíèß
{Eα4 Eβ6 | 4α+ 6β = k, α, β ≥ 0, α, β ∈ Z}
îáðàçóþò áàçèñ ïðîñòðàíñòâà Mk(Γ(1))
Äîêàçàòåëüñòâî íåïîñðåäñòâåííî ñëåäóåò èç 4.5.
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Ñëåäñòâèå 4.7 Ñïðàâåäëèâî ðàâåíñòâî
∆(z) =
1
1728
(E34 − E36).
Äåéñòâèòåëüíî, ∆(z) ∈ S12(Γ(1)), è â ñèëó 2.3 èìååì dim S12(Γ(1)) = 1, îñòà¼òñß çàìåòèòü, ÷òî
ôóíêöèß
1
1728
(E34 − E36) òàêæå ïðèíàäëåæèò îäíîìåðíîìó ïðîñòðàíñòâó S12(Γ(1)), òàê êàê îáå
ôóíêöèè E34 , E
3
6 èìåþò êîýôôèöèåíò ïðè q, ðàâíûé 1.
4.2 Ïðèëîæåíèå: äîêàçàòåëüñòâî ñðàâíåíèß Ðàìàíóäæàíà
τ(n) ≡ σ11(n) mod 691. (4.26)
Äåéñòâèòåëüíî,
E26(z)−
(
1− 504
∞∑
n=1
σ5(n)qn
)2
∈ Z[[q]],
ïîýòîìó ìîæíî ðàçëîæèòü E26(z) â áàçèñå {E12, ∆} ïðîñòðàíñòâà M12(Γ(1)) ðàçìåðíîñòè 2:
E26 = E12 + α∆, ãäå
1− 1008q + · · · = 1 + 65520
691
q + · · ·+ αq + . . . ,
è · · · = O(q2). Ïîýòîìó
α = −1008− 65520
691
=
a
691
ãäå a ≡ −65520(mod691),
è èç ðàçëîæåíèß âûâîäèòñß. ÷òî
65520
691
σ11(n) +
a
691
τ(n) ∈ Z, ãäå 65520(σ11(n)− τ(n)) ≡ 0(mod691),
îòêóäà âûòåêàåò ñðàâíåíèå (4.26).
5 ×èñëà Áåðíóëëè è ñðàâíåíèß Êóììåðà
5.1 Ñðàâíåíèß äëß êîýôôèöèåíòîâ ðßäîâ Ýéçåíøòåéíà
Ïðèâåäåì ïðèìåð ñðàâíåíèé ìåæäó êîýôôèöèåíòàìè ìîäóëßðíûõ ôîðì ïî ìîäóëþ pn.
Äëß ýòîãî ðàññìîòðèì åù¼ îäíó íîðìàëèçàöèþ ðßäîâ Ýéçåíøòåéíà, çàäàííóþ òàê, ÷òî
êîýôôèöèåíòû Ôóðüå a(n) çàäàþò ðßä Äèðèõëå ñ ýéëåðîâñêèì ïðîèçâåäåíèåì, ïðè ýòîì a(1) =
1:
Gk =
ζ(1− k)
2
Ek = −Bk2k +
∞∑
n=1
σk−1(n)qn =
∞∑
n=0
a(n)qn ⇒
∞∑
n=1
a(n)n−s = ζ(s)ζ(s+ 1− k),
à òàêæå p-íîðìàëèçàöèþ
G∗k(z) = Gk(z)− pk−1Gk(pz).
Òîãäà
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G∗k =
ζ∗(1− k)
2
+
∞∑
n=1
σ∗k−1(n)q
n, σ∗k−1(n) =
∑
d|n
(d,p)=1
dk−1, ãäå
ζ∗(s) = ζ(s)(1− p−s) =
∑
n=1
(p,n)=1
n−s îáîçíà÷àåò äçåòà-ôóíêöèþ Ðèìàíà
ñ óäàë¼ííûì ýéëåðîâñêèì p-ìíîæèòåëåì.
G∗k =
∞∑
n=0
a∗k(n)q
n ⇒
∞∑
n=1
a∗k(n)n
−s = ζ(s)ζ∗(s+ 1− k).
Òåîðåìà 5.1 à) Ïóñòü k ≡ k′ mod (p− 1)pN−1 òîãäà G∗k ≡ G∗k′ mod pN â Q[[q]] äëß âñåõ
k 6≡ 0 mod (p− 1).
á) Ïóñòü k ≡ k′ mod (p− 1)pN−1, òîãäà äëß ëþáûõ c ∈ Z, (c, p) = 1, c > 1 èìååì: (1−ck)G∗k ≡
(1− ck′)G∗k′ mod pN (áåç îãðàíè÷åíèß íà k).
â) Ñåìåéñòâî êëàññè÷åñêèõ ìîäóëßðíûõ ôîðì
k 7→ fk = (1− ck)G∗k
ßâëßåòñß p-àäè÷åñêè íåïðåðûâíûì Z∗p ñ ïàðàìåòðîì èç ìíîæåñòâà
P = {y 7→ yk, k ≥ 4}
p-àäè÷åñêèõ õàðàêòåðîâ ãðóïïû Z∗p.
Äîêàçàòåëüñòâî òåîðåìû 5.1: Óòâåðæäåíèß à) è á) ñëåäóþò èç â). Äëß äîêàçàòåëüñòâà â)
ïîëîæèì fk =
∑
n≥0
ak(n)qn
Ñëó÷àé n > 0: Ôóíêöèè
k 7→ ak(n) = (1− ck)
∑
d|n
(d,p)=1
dk−1
ßâëßþòñß p-àäè÷åñêè íåïðåðûâíûìè ïî èõ ýëåìåíòàðíîìó îïèñàíèþ (ïî ñðàâíåíèßì òåî-
ðåìû Ýéëåðà);
Ñëó÷àé n = 0: ak(0) = (1− ck)ζ∗(1− k) ðàññìàòðèâàåòñß ñ ïîìîùüþ êëàññè÷åñêèõ ñðàâíåíèé
Êóììåðà: çàôèêñèðóåì ïðîèçâîëüíîå öåëîå ÷èñëî c ∈ Z, (c, p) = 1, c > 1.
Òåîðåìà 5.2 (Êóììåð) Ïóñòü ζ(c)(p)(−k) = (1−ck+1)(1−pk)ζ(−k), k ≥ 0, è ïóñòü h(x) =∑
i
αix
i ∈ Z[x] òàêîé, ÷òî h(a) ≡ 0 mod pN äëß âñåõ α ∈ Z∗p. Òîãäà
∑
i
αiζ
(c)
(p)(−i) ≡ 0 mod pN .
Äîêàçàòåëüñòâî òåîðåìû 5.2 èñïîëüçóåò ñóììû ñòåíåíåé Sk(M) =
M−1∑
n=1
nk, ÷èñëà Áåðíóë-
ëè Bk, è ìíîãî÷ëåíû Áåðíóëëè Bk(x):
Sk(M) =
M−1∑
n=1
nk =
1
k + 1
[Bk+1(M)−Bk+1], ãäå
∞∑
m=1
Bk
k!
tk =
t
et − 1 è Bk(x) =
k∑
i=0
(
k
i
)
Bix
k−i.
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Îòñþäà âûòåêàåò
Bk = lim
N→∞
1
pN
Sk(pN )
(pàäè÷åñêèé ïðåäåë ßâíî âû÷ñèëßåòñß ïî óêàçàííîé ôîðìóëå äëß Sk(pN ) (â ÷àñòíîñòè, 1pN S1(p
N ) =
pN (pN−1)
2pN
→ − 12 = B1).
Äàëåå, ðàññìàòðèâàåòñß ðåãóëßðèçîâàííàß ñóììà ñòåïåíåé
S∗k(p
N ) =
pN−1∑
n=1
p-n
nk = Sk(pN )− pkSk(pN−1) ,
êîòîðàß âûðàæàåòñß ÷åðåç ÷èñëà Áåðíóëëè â òåðìèíàõ Sk(N) ïî ôîðìóëå
Bk+1 = lim
N→∞
1
pN
Sk+1(pN ).
Äëß âñåõ n ñ (p, n) = 1 èìååì ñðàâíåíèå h(n) ≡ 0(modpN ), è
lim
N→∞
1
pN
S∗k+1(p
N ) = lim
N→∞
1
pN
[Sk+1(pN )− pk+1Sk(pN−1)] =
lim
N→∞
1
pN
Sk+1(pN )− pk lim
N→∞
1
pN
Sk+1(pN−1) = (1− pk)Bk+1.
Ïîäñòàâèì ζ(−k) = −Bk+1
k + 1
òîãäà
ζ
(c)
(p)(−k) = (ck+1 − 1)(1− pk)
Bk+1
k + 1
≡ Sk+1(p
M )
pM
· (c
k+1 − 1)
k + 1
mod pN (5.27)
(äëß äîñòàòî÷íî áîëüøîãî M ≥ N). Ïðàâàß ÷àñòü (5.27) ïðåîáðàçóåòñß ê âèäó
pM−1∑
n=1
p-n
(cn)k+1 − nk+1
pM · (k + 1) =
pM−1∑
n=1
p-n
(cn)k+1 − nk+1c
pM · (k + 1) (5.28)
ãäå n 7→ nc ïåðåñòàíîâêà ìíîæåñòâà {1, 2, . . . , pM − 1} çàäàííàß nc ≡ nc (mod pM ). Ïîäñòàâèì
cn = nc + pM tn, tn ∈ Z â (5.28):
(nc)k+1 − nk+1c
pM · (k + 1) ≡ tn · n
k
c mod p
M
ïîýòîìó ζ
(c)
(p)(−k) ≡
∑
n=1
p-n
t · nkc mod pM ãäå tn = t(n, c) íå çàâèñèò îò k. ×òîáû çàâåðøèòü äî-
êàçàòåëüñòâî, ïîäñòàâèì ýòî ñðàâíåíèå â ëèíåéíóþ êîìáèíàöèþ èç òåîðåìû 5.2 èñïîëüçóß
ïðåäïîëîæåíèå
h(x) ≡ 0 mod pN :
∑
i
αiζ
(c)
(p)(−i) ≡
∑
n=1
p-n
tn · h(nc) ≡ 0 mod pN .
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Ñëåäñòâèå 5.3 (p-àäè÷åñêàß íåïðåðûâíîñòü ζ(c)(p)(−k) â ïðîãðåññèßõ ïî mod(p− 1)). Åñëè
h(x) = xk − xk′ , k ≡ k′ mod (p− 1)pN−1, òî
ζ
(c)
(p)(−k) ≡ ζ(c)(p)(−k′) mod pN .
Äîêàçàòåëüñòâî ñëåäñòâèß 5.3: Ïî òåîðåìå Ýéëåðà èìååì h(a) ≡ 0 mod pN , ïîñêîëüêó
aϕ(p
N ) ≡ 1 (mod pN ), (a, p) = 1.
5.2 p-àäè÷åñêîå èíòåãðèðîâàíèå è ìåðà Ìàçóðà
Â p-àäè÷åñêîé òåîðèè èíòåãðèðîâàíèß ðàññìàòðèâàåòñß ïîëå Òýéòà, Cp = Q̂p (ïîïîëíåíèå
àëãåáðàè÷åñêîãî çàìûêàíèß ïîëß p-àäè÷åñêèõ ÷èñåë Qp), êîòîðîå ñëóæèò àíàëîãîì ïîëß êîìï-
ëåêñíûõ ÷èñåë, òàê êàê Cp àëãåáðàè÷åñêè çàìêíóòî, è ßâëßåòñß òîïîëîãè÷åñêè ïîëíûì ìåò-
ðè÷åñêèì ïðîñòðàíñòâîì ñ íîðìîé | · |p, |p|p = 1p .
Ïóñòü R ëþáîå çàìêíóòîå ïîäêîëüöî â Cp, M  òîïîëîãè÷åñêèé R-ìîäóëü è C(Y,R)  òîïî-
ëîãè÷åñêèé ìîäóëü âñåõ R-çíà÷íûõ íåïðåðûâíûõ ôóíêöèé íà ïðîêîíå÷íîì ìíîæåñòâå Y = Z∗p,
è Step(Y,R)  R-ìîäóëü âñåõ ëîêàëüíî-ïîñòîßííûõ ôóíêöèé íà Y (â äàííîì ñëó÷àå âñå ñòó-
ïåí÷àòûå ôóíêöèè íåïðåðûâíû!).
Íàïîìíèì, ÷òî ðàñïðåäåëåíèå µ íà Y ñî çíà÷åíèßìè â M ýòî êîíå÷íî-àääèòèâíàß ôóíêöèß
íà îòêðûòûõ ïîäìíîæåñòâàõ U ⊂ Y :
µ :
{
îòêðûòûå ïîäìíîæåñòâà
U ⊂ Y
}
−→M.
Äðóãèìè ñëîâàìè, µ  ýòî ãîìîìîðôèçì Rìîäóëåé
µ : Step(Y,R)→M
Íàïîìíèì, ÷òî ìåðîé íà Y ñî çíà÷åíèßìè â M íàçûâàåòñß íåïðåðûâíûé ãîìîìîðôèçì R-
ìîäóëåé
µ : C(Y,R) −→M.
Îãðàíè÷åíèå µ íà Rïîäìîäóëü Step(Y,R) ⊂ C(Y,R) îïðåäåëßåò ðàñïðåäåëåíèå, îáîçíà÷à-
åìîå òîé æå áóêâîé µ, ïðè÷¼ì ìåðà µ îäíîçíà÷íî îïðåäåëåíà ïî ñîîòâåòñòâóþùåìó ðàñïðå-
äåëåíèþ, ïîñêîëüêó Rïîäìîäóëü Step(Y,R) ïëîòåí â C(Y,R). Ýòî óòâåðæäåíèå âûðàæàåò
îáùèé ôàêò î ðàâíîìåðíîé íåïðåðûâíîñòè íåïðåðûâíîé ôóíêöèè íà êîìïàêòå Y .
Ñëåäñòâèå 5.4 (Ìàçóð) Ñóùåñòâóåò åäèíñòâåííàß Qp=çíà÷íàß ìåðà µ(c) íà Z∗p òà-
êàß, ÷òî äëß âñåõ k ≥ 1 èìååì ∫
Z∗p
xkdµ(c) = ζ(c)(p)(1− k) = (1− ck)(1− pk−1)ζ(1− k). Çàìåòèì,
÷òî ζ(0) = − 12 , íî ζ(c)(p)(0) = 0.
Äåéñòâèòåëüíî, åñëè èíòåãðèðîâàòü h(x) ïî Z×p , òî ïîëó÷àåòñß ñðàâíåíèå Êóììåðà èç òåî-
ðåìû 5.1. Ñ äðóãîé ñòîðîíû, äëß îïðåäåëåíèß ìåðû, óäîâëåòâîðßþøåé óñëîâèßì ñëåäñòâèß,
îïðåäåëèì èíòåãðàë
∫
Z×p φ(x)µ
(c) äëß êàæäîé íåïðåðûâíîé ôóíêöèè φ : Z×p → Zp. Äëß ýòî-
ãî èñïîëüçóåòñß ïðèáëèæåíèå íåïðåðûâíîé ôóíêöèè φ(x) ìíîãî÷ëåíàìè (äëß íèõ èíòåãðàë
çàäàí ïî îïðåäåëåíèþ), çàòåì îñòà¼òñß ïåðåéòè ê ïðåäåëó. Ñðàâíåíèß Êóììåðà èç òåîðåìû
5.1. ïîêàçûâàþò, ÷òî ïðåäåë êîððåêòíî îïðåäåë¼í, è äà¼ò èíòåãðàë äëß ëþáîé íåïðåðûâíîé
ôóíêöèè.
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5.3 p-àäè÷åñêàß äçåòà-ôóíêöèß Êóáîòû  Ëåîïîëüäòà
5.3.1 Îáëàñòü îïðåäåëåíèß p-àäè÷åñêèõ äçåòà-ôóíêöèé
Îáëàñòüþ îïðåäåëåíèß êîìïëåêñíûõ äçåòà ôóíêöèé ßâëßåòñß ãðóïïà
C = Homcont(R×,C×), s 7→ (y 7→ ys).
Ïî àíàëîãèè ñ êëàññè÷åñêèì êîìïëåêñíûì ñëó÷àåì îáëàñòüþ îïðåäåëåíèß p-àäè÷åñêèõ äçåòà-
ôóíêöèé ßâëßåòñß p-àäè÷åñêàß ãðóïïà
Xp = Homcont(Z×p ,C×p ),
ñîñòîßùàß èç âñåõ íåïðåðûâíûõ ãîìîìîðôèçìîâ ïðîêîíå÷íîé ãðóïïû Z×p â ìóëüòèïëèêàòèâ-
íóþ ãðóïïó ïîëß Òýéòà, Cp = Q̂p (ïîïîëíåíèå àëãåáðàè÷åñêîãî çàìûêàíèß ïîëß p-àäè÷åñêèõ
÷èñåë Qp). Ìû áóäåì ðàññìàòðèâàòü öåëûå ÷èñëà k êàê ãîìîìîðôèçìû xkp : y 7→ yk.
Êîíñòðóêöèß Êóáîòû è Ëåîðîëüäòà äà¼ò ñóùåñòâîâàíèå p-àäè÷åñêîé àíàëèòè÷åñêîé ôóíê-
öèè ζp : Xp → Cp ñ åäèíñòâåííûì ïðîñòûì ïîëþñîì â òî÷êå x = x−1p , êîòîðàß ñòàíîâèòñß
îãðàíè÷åííîé àíàëèòè÷åñêîé ôóíêöèåé íà Xp ïîñëå óìíîæåíèß íà ðåãóëßðèçóþùèé ìíîæè-
òåëü (cx(c)− 1), (x ∈ Xp, c ∈ Z×p ); ýòà ôóíêöèß îäíîçíà÷íî îïðåäåëåíà óñëîâèåì
ζp(xkp) = (1− pk)ζ(−k) (k ≥ 1). (5.29)
Ýòîò ðåçóëüòàò èìååò î÷åíü åñòåñòâåííóþ èíòåðïðåòàöèþ â ðàìêàõ òåîðèè p-àäè÷åñêîãî
èíòåãðèðîâàíèß (â ñòèëå ðåçóëüòàòà Ìàçóðà, ñì. ñëåäñòâèå 5.4)
Çàìå÷àòåëüíîå ñâîéñòâî ýòîé êîíñòðóêöèè ñîñòîèò â òîì, ÷òî îíà ïðèìåíèìà è äëß âñåõ
õàðàêòåðîâ Äèðèõëå χ ïî ìîäóëþ ñòåïåíè ïðîñòîãî ÷èñëà p. Çàôèêñèðóåì âëîæåíèå
ip : Q ↪→ Cp (5.30)
è áóäåì îòîæäåñòâëßòü ïîëå Q ñ ïîäïîëåì â C è â Cp. Òîãäà õàðàêòåð Äèðèõëå âèäà
χ : (Z/pNZ)× → Q×
ñòàíîâèòñß ýëåìåíòîì ïîäãðóïïû êðó÷åíèß
Xtorsp ⊂ Xp = Homcont(Z×p ,C×p )
è ðàâåíñòâî (5.29) îñòà¼òñß â ñèëå è äëß ñïåöèàëüíûõ çíà÷åíèé L(−k, χ) ñîîòâåòñòâóþùèõ
L-ðßäîâ Äèðèõëå
L(s, χ) =
∞∑
n=1
χ(n)n−s =
∏
` ïðîñòûå
÷èñëà
(1− χ(`)`−s)−1,
ïðè ýòîì ìû èìååì
ζp(χxkp) = ip
[
(1− χ(p)pk)L(−k, χ)] (k ≥ 1, k ∈ Z, χ ∈ Xtorsp ). (5.31)
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5.3.2 Íåàðõèìåäîâî ïðåîáðàçîâàíèå Ìåëëèíà
Ïóñòü µ îáîçíà÷àåò Cp-çíà÷íóþ ìåðó Z×p . Òîãäà íåàðõèìåäîâî ïðåîáðàçîâàíèå Ìåëëèíà ìåðû
µ îïðåäåëßåòñß ðàâåíñòâîì
Lµ(x) = µ(x) =
∫
Z×p
xdµ, (x ∈ Xp), (5.32)
è ïðåäñòàâëßåò íåêîòîðóþ îãðàíè÷åííóþ Cp-àíàëèòè÷åñêóþ ôóíêöèþ
Lµ : Xp −→ Cp. (5.33)
Äåéñòâèòåëüíî, îãðàíè÷åííîñòü ôóíêöèè Lµ î÷åâèäíà ïîñêîëüêó âñå õàðàêòåðû x ∈ Xp ïðè-
íèìàþò çíà÷åíèß â Op è µ òàêæå îãðàíè÷åíà. Àíàëèòè÷íîñòü Lµ âûðûæàåò îáùåå ñâîéñòâî
èíòåãðàëà (5.32), ïîñêîëüêó îí àíàëèòè÷åñêè çàâèñèò îò ïàðàìåòðà x ∈ Xp. Ìîæíî äîêàçàòü
(òåîðåìà Èâàñàâà), ÷òî îãðàíè÷åííûå Cp-àíàëèòè÷åñêèå ôóíêöèè âçàèìíî-îäíîçíà÷íî ñîîò-
âåòñòâóþò Cp-çíà÷íûì ìåðàì µ íà Z×p ïîñðåäñòâîì íåàðõèìåäîâà ïðåîáðàçîâàíèß Ìåëëèíà.
5.3.3 Ïðèìåð: p-àäè÷åñêàß äçåòà-ôóíêöèß Êóáîòû  Ëåîïîëüäòà
Äëß ìåðû Ìàçóðà èç ñëåäñòâèß 5.4 ôóíêöèß íà Xp
ζp(x) =
(
1− c−1x(c)−1)−1 Lµ(c)(x) (x ∈ Xp) (5.34)
îäíîçíà÷íî îïðåäåëåíà è ãîëîìîðôíà çà èñêëþ÷åíèåì åäèíñòâåííîãî ïðîñòîãî ïîëþñà â òî÷êå
x = x−1p , è ñòàíîâèòñß îãðàíè÷åííîé àíàëèòè÷åñêîé ôóíêöèåé íà Xp ïîñëå óìíîæåíèß íà
ðåãóëßðèçóþùèé ìíîæèòåëü (cx(c)−1), (x ∈ Xp, c ∈ Z×p ); ýòà ôóíêöèß îäíîçíà÷íî îïðåäåëåíà
óñëîâèåì (5.29).
Ïðèçíàòåëüíîñòü àâòîðà
Èñêðåííå áëàãîäàðþ Ýðíåñòà Áîðèñîâè÷à Âèíáåðãà çà ïðèãëàøåíèå ïîäãîòîâèòü ñòàòüþ äëß
æóðíàëà Ìàòåìàòè÷åñêîå Ïðîñâåùåíèå 2008, ïîñâßù¼ííîãî p-àäè÷åñêèì ÷èñëàì è èõ ïðè-
ëîæåíèßì.
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